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Hypothesis Function: Kernel Methods

~\?

X — R

o f(x;)=f(x;)+ b
¢ flies in Reproducing Kernel Hilbert Space F,b € R



RKHS: Basic Concepts

Functional Analysis

metric space

® complete metric space
normed space

® Banach Space
inner product space

¢ Hilbert space



Metric Spaces

Definition

A metric space is a pair (X, d), where X isasetand d is a
metric on X (or distance function on X), that is, a function
defined on X x X such that for all x, y, z € X we have:

¢ dis real-valued, finite and non-negative

e d(x,y)=0iffx=y

d(x,y) = d(y, x) (Symmetry)

d(x,y) < d(x,z) + d(z,y) (Triangle inequality)



Examples

. R™ with the metric

d(x,y) =/ (X1 = y1)2 + (X2 = ¥2)? + ... (Xn — ¥n)?

. C" with the metric

d(x,y) = VIxi = yiB+1x2 — Y22+ ... [Xn — yaf?

. Cla, b] with the metric d(x, y) = max;e[ap) [X(t) — y(1)]

CPla.b]: d(x.y) = ([2(Ix(t) - y(t))Pdt) "

. I with the metric d(x, y) = SUpjen Inj — 1], where I is a
bounded sequence of complex numbers,

= (77177]27773a"')7y: (¢17¢23¢3a"')'




LP Spaces (For Functions)

Definition
For functions defined on an interval [a, b],

b
Lp[a,b]:{f‘/ |f(x)]pdx<oo}, 1<p< .
a

Norm in [P

b 1/p
1fllp = ( / rf(x>rpdx> .
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Sequence

L4 (X1,X2,X3,...)

e (1,1/2,1/3,...)

e (1,1+x,1+x+x2/2,...)

e Every element has a particular position



Open and Closed Set

® B(xg,e) ={x € X;d(x,x) <€)}
e A subset M of X is said to be open if for every
Xo € M,3 e > 0, such that, B(xg,¢) c M

* A subset M of X is said to be closed, if M¢ is open



Questions

* (0,1)
* [0,1]
e Set of all polynomials defined on [a, b] C R



Continuous Function

Definition

A mapping T: (X,d) — (,d) is said to be continuous at xq if
for every e > 0,36 > 0 such that

d(xo,y) <d—d(T(x), Ty) < e



Continuous Function




Limit Point

Let xg € X, where X a metric space. Then Xy is said to be a
limit point of a subset M of X, if Ve > 0, 3x, # X9 € M such that
d(Xna XO) <e€



Questions

¢ Limit points of (0,1)
¢ Limit points of set of all rational numbers
¢ Limit points of set of all irrational numbers



Dense Subset

Definition

The closure of a subset M of a metric space X is the set
consisting of M and all the limit points of M and it is represented
asM.

Definition B
A subset M of a metric space X is dense in X if M = X.



Questions

Closure of (0,1)

Closure of set of all rational numbers
Closure of set of all irrational numbers
Dense subset of R



Convergent Sequence

Definition
A sequence (xp) in (X.d) is said to be a convergent sequence if
there exists a xy € X, such thatVe > 0, 3N such that

d(xn, Xp) < eVn> N.

e The sequence (1, n € N) converges to 0. This is a

convergent sequence in [0, 1], but a divergent sequence in
(0,1), as the limit 0 € [0, 1] and 0¢ (0, 1].

1 . ,
e The sequence (ﬁ’ n € N) is a convergent sequence in R.



Cauchy Sequence

A sequence (xp) in a metric space is said to be Cauchy
sequence if for every e > 0 there is a N such that d(xm, x») < €
vm,n > N.

Theorem
Every convergent sequence is Cauchy.

Proof.
Let (xn) is a convergent sequence in X and xg be its limit.
Choose € > 0. By definition of convergence, 3N such that

d(Xm, Xo) < %,Vm > N. Now

dXr s X ) < d(Xey, Xo) + d(X0, Xov) = = + % —evVm', > N.
Therefore (x,) is a Cauchy sequence. O

N



Cauchy Sequence: lllustration

(X1,X2, e XN XN - - ) is Cauchy
If e=0.5and N = 100 then,
d(x150, X1000) < 0.5



Complete Metric Space

There are some spaces where every Cauchy sequence
converges.

* The space X is said to be a complete metric space if every
Cauchy sequence converges.

e R" C", Cla,b] are complete metric spaces with usual
metric.

¢ The set of rational numbers Q with Euclidean metric is not
a complete metric space, as every irrational number can
be represented as the limit of rational numbers.



Example

Let X be the set of all polynomials on some finite closed
interval J = [a, b]
ai(t)y=t+ 2, by(t) =t +2t
d(ai(t), b1 (t)) = maxie(ap)(las(t) — b1 (t)])
3 S

_g,t_ﬁ_{_ﬁ’...)

o (t,t



LP[a, b

C|a, b] with metric 1
d(x(t),y(t) = (f:(|x(t) — y(t)|)pdt)5 ,p > 1is an incomplete

metric space
The completion of Cla, b] with the above metric is the space

LPla, b]



Limit Point and Sequence

Theorem

x € M, if and only if there exists a sequence (xp) € M, such
that x, — x.

Proof.

Let x € M. To prove that there exists a sequence (x,) € M,
such that x, — x: If x € M, then (x, x,...x) — x. If x ¢ M, then
also we can find a sequence (x,) € M that converges to x, by
taking x, € B(x,1/n) , as x is the limit point of M.

To prove the converse, assume there exists a sequence

(xn) € M that converges to x. Then every neighbor hood of x
contains atleast a xp, that is atleast one element of M.
Therefore x is a limit point of M. O



e Set of polynomials is dense in C[a,b]

e Set of polynomials is dense in LP[a, b]

e the Weierstrass approximation theorem states that every
continuous function defined on a closed interval [a, b] can

be uniformly approximated as closely as desired by a
polynomial function



Limit Point and Sequence

e Mis closed iff M = M

e If Mis closed for every x € M, there exists a sequence
(Xn) € M, such that x, — x.



Vector Space

A set V is a vector space over a field K if there exists a
structure {V, K, +, ) consisting of V', K, a vector addition
operation + and a scalar multiplication . This structure must
obey the following axioms for any u,v,w € V and o, 5 € K:
* Associative Law: (u+ V) +w =u+ (v + w).
e Commutative Law: u+v =v + u.

Additive identity: for any vectorvinV,0+v=vandv +0 =
V.

Inverse: Vue V,dse€ Vsuchthatu+s=0
Unitarity: tlu=u,1e K,ue V
Multiplication by scalars: axv € V

Distributive Laws o * (Uu+ V) = a* U+ a * v and
(a+B)xu=axu+pfxv



Normed Space

Definition
A normed space is a vector space with a norm defined on it. A
norm on a vector space X is a function || || — R such that:

° lIxll=0

* llax|| = |allx]]

° lIx+yll < Il +Ilyll
[|x|| = 0 implies x = 0

e R" C"
Cla, b] : [[x][ = maxieqap [X(1)

7la.b) - x| = (2 xtPer) " p > 1



Banach Space

d(x,y) =[x =yl
¢ All normed spaces are metric spaces. But the converse is
not true.
e A Banach space is a complete normed space



Linear Operator

Definition
A linear operator T is an operator such that
¢ the domain D(T) and the range R(T) of T are vector
spaces over the same field
o T(x+y)=T(x)+ T(y); T(a(x)) = aT(x) where,
x,y € D(T)and a € K.



Supremum

The supremum (sup) of a set is its least upper bound. sup(0, 1)
is 1.

Supremum is called maximum when the least upper bound is a
member of the set. Maximum of [0,1] is 1.



Bounded Linear Operator

Definition

Let X and Y be normed spacesand T : X — Y alinear
operator. The operator T is said to be bounded if there is a real
number ¢ > 0 such that for all x € X, || Tx|| < c||x]|.

1711 = stpxex.cro o or|| ]| = supeex,ujotll TXI|

[Ix1]
e || T|| is called the operator norm. Operator norm satisfies
all the properties of a norm.



Bounded Linear Functional

A bounded linear functional f is a bounded linear operator with
the range lies on the scalar field of its domain.

f: X—=K
jLicell
fll =
H H SupXEX,X;ﬁO HXH
or else
1] = supxex),|ix|j=1!F(X)I]
Theorem

A linear operator T is continuous iff it is bounded.



Operator Norm

* The operator norm can be defined only for bounded linear
operator or functionals

e Operator norm satisfies all the properties of the norm
[Tl

[IX]]

|| TI] = supxex.x0 or|| T[] = supxex,|ix|=111 TX]I-

O]

Xl

||fl] = SUPxex x-0

or else
]| = supxex),|ix|j=1!F(X)I]



Inner Product Space

Definition

An inner product space is a vector space X with an inner
product defined on X. An inner product is a mapping
(): XxX—=>K

* x+y,2)={x2)+{y,2)

* (ax,y) = alx,y)

* Xy =X
(x,x)>0,(x,x)=0iff x=0

e R C"
e [?[a,b]

b
(f.g) = / (g (t)



Cauchy-Schwartz Inequality

106 )11 < lIx[[ly[l, ¥x, y € inner product space X



Relation Between Metric Space, Normed Space and
Inner Product Space

° Xl = vxx),dx,y) =lIx=yll = V{x=y,x =)
e All inner product spaces are normed spaces. The
converse is not true.



Hilbert Space

Definition
A Hilbert space is a complete inner product space



Projection Theorem

Theorem
Let Y be a closed subspace of a Hilbert space H. Then
H=YaoVY"L

Every x € H can be uniquely expressed as
x=y+y,yeVY,yevt



The scalar field K of any vector space is taken to be R for the
rest of the slides.



RieszRepresentation Theorem

Every bounded linear functional T on a Hilbert space H
can be represented in terms of innerproduct, namely,
3z € H, such that

T(x)=(x,z),Yx e H

where z depends on T, is uniquely determined by T and
has norm ||z|| = || T||

T :H — R, where # is a Hilbert space
T bounded and linear

T(x) = (x,z), z is unique and depends only on T



Checking Riesz Theorem

¢ Find ||f|| using the formula of operator norm
® The operator norm is defined by

)

[IX]]

HfH = SUPxex x+#0

(x|

[Ix]

< |w|vx € x

Therefore,
()

[IX]]

SUPxcR" x40 < ||w||

Il < [Iw]l



Now,
f(w) = (w,w) = |w|?
Therefore, |f(w)| = ||w|? and m =|lw|.

f
As ||f]| is the supremum of the set { HH(;?’H X € R x #£ 0}

(W)l
Iw

< [Ifl

[wi| <[]
From (1) and (2)

Il = liwll



Space of Functions




Evaluation Functional

Consider H = {f : f : X — R}, a Hilbert space of functions.

Definition
An evaluation functional over the Hilbert space of functions H is
a linear functional Ly : H— R such that Ly(f) = f(x),Vf € H.



Point Evaluation Functional or Evaluation Functional

Let H be a Hilbert space of real-valued functions defined on a
domain X.

Definition
The point evaluation functional at a fixed point x € X" is the
linear functional

Properties:
e Linearity: For any f,g € ‘H and scalars a, b,

Ly(af + bg) = af(x) + bg(x).



Reproducing Kernel Hilbert Space (RKHS)

Definition

A Reproducing Kernel Hilbert Space (RKHS) F is a Hilbert
space of functions defined on some set X, in which all point
evaluation functionals are bounded linear functionals.



Riesz Theorem on RKHS F

° LX/ . .F — R, XI S X
 Ly() = 1(x)

* By the RKHS property, L, is a bounded linear functional on
F. By the Riesz theorem:

® Ly(f)y=1f(x)=(f,z)r, VfeF, forsomezecF.
® Define z = ky;, where ky, is the reproducing kernel function.



Representer of the Evaluation Functional

For each x ¢ X, define the evaluation functional
LX:.F_>R7 Lx(f):f(x).

Since F is an RKHS, each Ly is a bounded linear functional.
Therefore, by the Riesz representation theorem, there exists a
unique kyx € F such that

Le(f) = f(x) = (f.ky), VfeF.

The function ky is called the representer of the evaluation
functional at x. From this it follows that, for each x € X, there
exists a ky € F.



Association of Input Space and RKHS
Input Space RKHS (F)

% ka

k2

X1

* ¢: X — Fis amapping such that ¢(x) = k.

¢ The function ¢ is called the feature mapping.

e Each point in the input space X’ is mapped to a point in the
feature space (RKHS) F.



RKHS: Reproducing Property

Consider f € F. Therefore, we have:
f(x)=(fkx)r, VYXe€X, kgcF.

This equation is called the reproducing property because the
function values are "reproduced" via inner products in the
Hilbert space.



Equivalence of a function defined on X with a
hyperplane equation defined on RKHS

Consider f € F. Define

f:X—=R

where

f(x)=f(x)+b,beR
Therefore N
f(x) = (f,kx) + b= {f,o(x)) + b

Define Hr : ¥ — R where H¢(g) = (f, g). Hs is a linear function
in RKHS. Now,

f(x) = Hi(6(x)) + b



Classification and Regression in RKHS Settings

e Classification:y € {0,1}

* f(x) > 0implies H;(¢(x))+ b >0
® Hi(g) + b = 0 is the equation of a hyperplane in RKHS
® Decision boundary is a hyperplane in RKHS

® Regression:y € R

o f(x) = f(x)+ b=y implies Hi(¢(x)) + b=y

® Hp(g) + b= a,a € Ris the equation of a hyperplane in
RKHS

® (¢(x),y) lies in a hyperplane

e Finding f in input space is equivalent to finding H; and b.



Classification and Regression in RKHS Settings

e Classification: y € {0,1}
* f(x) > 0implies H;(¢(x))+ b >0
® The decision boundary is given by H(¢(x)) + b = 0, which
defines a hyperplane in RKHS.

¢ Regression: y ¢ R
o f(x) = f(x)+ b=y implies Hi(¢(x)) + b=y
® The equation H(¢(x)) + b=«a, « <€ Rdefinesa
hyperplane in RKHS.
® Each data point (¢(x), y) lies on this hyperplane.

e Finding f in the input space is equivalent to finding H; and
b in RKHS.



Value of k;,

f(x) = (f, k)

() = (ko k)



Reproducing Kernel

For each x; € X, there exists a unique function ky, € . The
values of ky, are determined using the inner product structure in
the RKHS.

The reproducing kernel (r.k.) k is defined as:

k:XxX—=R

such that:

k(x,y) = (ke Ky) = (0(x), ¢(¥))

From Equation (4), we obtain:

k(x,y) = ke(y) = ky(x)



Reproducing Kernel & RKHS

¢ Associated with every RKHS there exists a unique r.k and
vice versa.



Span of a Subset

M = {vy,va,...} C H, where H is a Hilbert space.
Span(M) = {3"; ojvj,a; € R, v; € M}
Mt ={v e H:{v,v)=0,Yv e M}



Spanning Property

Lemma
For any subset M +# ¢ of a Hilbert space H, the span of M is

dense in H iff M+ = {0}.
That is,

{span(M)} = H, iff M+ = {0}



Spanning Property of {k,.}

Theorem
span(M) = F, where M = {ky;,i =1,2,...} C RKHS F.

Proof.
Let f € M+. Therefore

(f k) = 0,Vky € M

This implies,
f(x)y=0Vxe X

Hence f = 0.Therefore M+ = {0}. Hence by the above lemma,
span(M) = F. O



Spanning Property of {k,.}

Theorem
Every f € F can be expressed as

oo
f: Za/kxi, (071 S R

i=1

For proof, we make use of the following result:
x € M, if and only if there exists a sequence (x,) € M, such
that x, — x.



Proof: Spanning Property of {ky}

Proof.

M = {ky,i=1,2,...}. Therefore

span(M) = {>_; ajky,, aj € R, ky, € F}. Now span(M) = F.
f € F. Therefore , there exists a sequence

(fi,fo, ... fn,...) € span(M) where f, = "7 ajky, such that
fo— f.As f =limpoo fn

f= i ajky,
i=1



Kernel Trick

F(x) = (f,ke) = Za,kx,, Ke) = > ailka ke) = Y ai{d(x), 6(x))
i=1 i=1

Therefore

= Zaik(x,,x)
i=1

* Substituting k(x, y) in place of (ky, ky), that is, (¢(x), ¢(y¥))
is known as kernel trick, in the field of machine learning
community



Semi Positive definite function

Definition
A function k : X x X — R is semi positive-definite if

> aajk(x;, %) > 0
i

for all a;, a; € R



Properties of reproducing kernel

¢ The reproducing kernel k is semi positive definite on
X x X, since, for any x1, Xz,--- € X and ay, ap,--- € R

Za,-ajk(x,-,xj) = Za,-aj<kxi,kxj>
i

i’j

= <Z aikx,-7zaikx,->
i i
= |I>_akyl? =0

i?j



Semi Positive definite Kernel & RKHS

The Moore-Aronszajn-Theorem states that for every semi
positive definite kernel on X x X, there exists a unique RKHS
and vice versa.



Kernel Matrix

e Kernel matrix: Given a kernel k and points xq,...,xy € X,
the N x N matrix
K = [k(xi, X))l
is called the kernel matrix (Gram matrix) of k with respect
to xy,..., Xn.



Kernel Matrix

k(X17X1) k(X17X2) k(X'IaXN)
k(xe,x1) k(x,x2) - K(x2,xn)

K =

k(xn,x1)  k(xn,X2) - k(Xn, XN)



Semi Positive definite matrix

Definition
(Semi Positive definite matrix) A real N x N symmetric matrix K

satisfying
c’Ke=> > cigK;j >0 (5)
i

for all ¢ € RN is called semi positive definite.[K; is the jjth
element of K]. If equality in (5) only occurs when c is a zero
vector, then the matrix is called as positive definite.



Kernel Matrix

A function k : X x X is a reproducing kernel if and only for all
N € N, x; € X, the corresponding kernel matrix K is semi
positive definite.



Semi Positive Definite Function and Reproducing
Kernel

A function k : X x X is a kernel iff it is semi positive definite
function.



Set of all linear functionals defined on R”

Set of all linear functionals defined on R":
H*={f:R" = R:f(x) = (w,x)}
H* consists of bounded linear functionals

Corresponding to each f € H* exists a hyperplane :
{x e R": f(x) = (wf, x)}}. Thatis f(x) = (wy, x) is an
equation to a hyperplane in R"

#H* is a Hilbert space with ||f|| = [|f||operator Where || f|| operator
is the operator norm of f.

‘H* is called the dual space of R”



’H*

o [y:H" — R, Lif = f(x). Is Ly bounded?
By Riesz theorem ||f|| = ||wy||.
Ly(f+g) = (f + g)(x) = f(x) + 9(x),
Ly(af) = (af)(x) = af(x) = al(f)
To prove Ly is bounded for all x,
ILx ()] = IO = [[{wr, ) || < lwel[[[x]] = [IF][l|x ]}, vE € H*.
Ly : x € R" are bounded linear functionals. #* is a RKHS
space.



Linear Kernel

Consider k(x;, x;) = (x;, X;). Prove that k is positivesemidefinite.
Proof.

i i

- <ZZ>

Z Z Oc,'Ozjk(X,', Xj) = Z Z O4i0‘j<xia Xj>
j J

2
>0

D aixi
i

Hence k is positive semidefinite.



RKHS Corresponding to Linear Kernel

Linear Kernel: k(x;, X;) = (X, X;)

As k is positive semidefinite, there exists a RKHS
corresponding to k.

By definition k(x;, X;) = kx,(Xj) = kx(Xi)

k(X)) = (Xi, %),/ =1,2,... |mpI|es kx, is linear function defined
on R".

Therefore the RKHS corresponding to the linear kernel consists
of all the linear functions defined on R", that is the dual space
of R".



Procedure for finding Affine function (Hyperplane) in
input space: Classification & Regression

f(x) = f(x) + b, b € R where f(x) = (w, X).
f € H* whose kernel is the linear kernel. Therefore

f(x) = (f,x) = Za/k(X/,X) = Za;(X;,X>

Therefore

f(x) = Z ai(Xi, X) + b



Homogeneous Polynomial Kernel
The homogeneous polynomial kernel
k(x,z)=(x"2)9, deN.

It can be proved that k is positive semidefinite.
Step 1: The linear kernel

ki(x,z) =x"z

is positive semidefinite since

Z a,'Osz,-TXj = | Za,-x,-
i.j i

Step 2: The product of positive semidefinite kernels is positive
semidefinite (Schur product theorem).
Therefore,

2
> 0.

(xT2)? = (xT2)--- (x"2)
~— ——
d times
is positive semidefinite.



Homogeneous Polynomial Kernel

Let
x=(xM . oxMyz= (20 ZM) e R™,
Consider the homogeneous polynomial kernel

k(x,z)=(x"2)?, deN.

m
xTz=> x0z0
i=1



Feature Space Structure
Using the multinomial theorem,
(xTz)%=>" 9\ yoz0
joj=d " |

where

m ] m
X = H (X('))ai, la] = Zoz,- =d.
P

i=1

da(X) = (Z) x.

Thus the RKHS is precisely the finite-dimensional space of
homogeneous polynomials of degree d, endowed with the inner
product induced by the multinomial coefficients.

Feature map:



The Polynomial k, in RKHS of Degree-2 Polynomial
Kernel (x € R?)

Let
k(u,x) = (u, x)?

be the homogeneous degree-2 polynomial kernel on R2.
i X = (x(”,x(z)), U= (u(”,u(z)).
Then
ke(u) = k(u, x) = (uTx)2 = (uMx) 4 u(z)x(z))z.
Expanding,
ky(u) = (X(1))2(U(1))2 +2xMx@) (M @) 4 (x(2))2(u(2))2.

Thus ky is a quadratic polynomial in u.



RKHS of Degree-2 Polynomial Kernel (x € R?)

Let
x = (x1, x®).

Homogeneous Polynomial Kernel:

K(x,z) = (x"z)?

(X(1 )2(1 )+X(2)Z(2))2 — (X(1 ))2(2(1))2+2X(1)X(2)2(1)2(2)+(X(2))2(Z(2))2

RKHS Basis:
[P, x(x@), (x@)2

dmF =3



Finite-Dimensional RKHS Structure

Let
x = (x, x®) e R2,

Fact: Every finite-dimensional inner product space of
dimension M is isomorphic to RM.

For the degree-2 homogeneous polynomial kernel,

F = span {(X(1))2, x(Mx(@), (x(z))z}.

dim(F) =3.

Therefore,
F=RS

Hence, the RKHS corresponding to the degree-2
homogeneous polynomial kernel on R? is isomorphic to R® and
to its dual space. The proof is given below.



Proof

k(x.y) = ((xp)?
_ (X(1>y(1)+x<2)y(2))2

= xMFM? X(z)?y(a2 4 2x(Ny(1)x(2)(2)
<( x(D? x()2 /2(1) X(z) (y(1>2,y(2>2,\r2y(1)y(2)>>

If we define ¢ : R? — R3 by ¢(x) = ((xmz, x@?, \/éx(”x(z)),
then
k(x,y) = k(y) = (0(x), 6(y)), VX, y € R? (6)



Define

by

H&(x)(xl) = ($(x), x')
H; is a linear function defined on R3 and hence

Hy ey = (¢(x), x') is the equation of a hyperplane having the

parameter ¢(x).
Ke(¥) = (B(X), B(¥)) = Hi(3(1))

Therefore, corresponding to each ky € F, there exists a linear
function defined on R3.



Letfe F.

Define

by

Thus



Hs~ .5(x i @ linear function defined on R3 and hence
HZ,-a,-&(x,-)(X/) =(>; a,-(E(x,-),Nx’) is the equation of a hyperplane
having the parameter > ; «;¢(x;). Hence

F(x) = F(X) + b= Hs .50y (3(X)) + b

Therefore corresponding to f there exists a linear function
defined on R3.



e (Classification

Vi = {X/ € RS : HZ,'Oéid;(Xi)(X/) +b> 0}

Vo = {x' € R®: Hy- S andn) (X)) + b < 0}

o IFf(xi) > 0,(x;) € Vi, F(x;) < 0,6(x;) € Vo
® Hence the points that is mapped using ¢ can be separated
by the hyperplane Hs~ , 5, (X') +b=0in R®.
¢ Regression
* Iff(x) = y, then Hy~ , = (6(x)) + b = y. Therefore
(é(x)), y) lies on the hyperplane Hs wioyX) +b=y



-2

Figure: Non Linear in R?

XOR problem in R3

Figure: Hyperplane in R3



Polynomial Kernel

The general form of polynomial kernel
k(x,2)=(x"z+¢),

where d € Nand ¢ > 0.
We prove that k is positive semidefinite using closure
properties of PSD kernels.



Step 1: Linear and Constant Kernels are PSD

Linear kernel:

Tz

ki(x,z) =x
We already proved Linear kernel is PSD.
Constant kernel:

ko(x,z)=c¢, ¢>0

2
ZO[,‘O&/C =C (Z Oq) > 0.
i i

Hence k, is PSD.



Step 2: Closure Properties

Sum Rule: If k; and k, are PSD, then
k(X>Z) = ka(xv Z) + kb(X?Z)

is PSD.
Therefore,
xTz+c

is PSD.

Product Rule (Schur Product Theorem): If k; and k;, are
PSD, then
k(X? Z) = ka(Xv Z)kb(Xa Z)

is PSD.



Final Step

Since x”z + cis PSD and the product of PSD kernels is PSD,

(xTz+¢)=(xTz+¢)---(x"z+0¢)

d times

is PSD for d € N.

Conclusion:

k(x,z) = (x"z+¢c)?

is a positive semidefinite kernel.



RKHS Basis: Non-Homogeneous Polynomial Kernel
(d=2)

Let x = (x(1), x®).
Kernel:
k(x,2) = ((x,2) + 1)

Feature map:
o(x) = (XD, (xP)2, VaxWx®, vax, v2x®, 1)
RKHS basis:

{17 X(1), X(Z), ()((1))27 (X(Z))Z X(1)X(2)}

)

dmF =6

So in this case F is isomorphic to R® and to its dual space.



Construction of Kernels

(from Bishop’s book)

Given valid kernels k1 (x, x") and ko(x, x”). the following new kernels will also

be valid:

gl

=
7
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~ '
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where ¢ > 0is a constant, f

—_

el (x,x)
Fl)ka(x,x") f(x')

4 (k1 X))

exp (k1(x,x'))
Fea(x,x") + ko(x, x")
Fep(x, x" Yo (x, %)

ks (6(x). B(x))
xTAx'

Fa(xa. x5 ) + Fp(xp, x3)
Fa(%a, X )y (xp, x3)

-) is any function. ¢(-) is a polynomial with nonneg-

ative coefficients, ¢(x) is a function from x to RM k(- -) is a valid kernel in
RM Aisa symmetric positive semidefinite matrix, x, and x;, are variables (not
necessarily disjoint) with x = (x4, %), and k, and kp, are valid kernel functions

over their respective spaces.



Examples of Kernel Functions

Linear
Polynomial (d € N,6 > 0)
Gaussian RBF(5 € R}.)

Inverse Multiquadratic (¢ > 0)

k(x,x') = exp (=BlIx = x'|I?)

The RKHS corresponding to Gaussian and Inverse
Multiquadratic is infinite dimensional. Therefore they are not

isomorphic to RM for any M.



Supervised Learning: Kernel Theory

Given data {(x1,y1), X2, ¥2), - - - - (XN, YN) }, X € R™, y; € R
Assume f(x) = f(x) + b, b € R, x € R" be the function that
generates the data. Assume f belongs to RKHS F with k.

f(x) = (f k) + b= <Za,kx,, kx> +b

The RHS of (7) corresponds to a hyperplane in RKHS



Overfitting and Underfitting

Example: Polynomial curve fitting
VW) =Wy g s L M

Regression: Learn parameters w = (w,....w,,)

Image taken from Bishop’s Book



Smooth Function

e Small change in input corresponds to small change in
output

e fc F

1£0x) = FO1 = [IKF, e} = (F k)| = [[Hr(ke) = Hi(ke )|
[IHi(kx) — Hr(k )l = [I(F, ke = ke I] < (1] [TAx — Kool

e ||f|| small guarantees function to be smooth



Optimisation

SN V(i ()

1
r N

subject to||f||2 < k



Cost Function

The cost function used in kernel methods is the regularized
cost function:

N
.1

J() = 21 V(yi, £(xi)) + Allf][? 8)
where V is the loss function, which is differentiable, and
A > 0 is the regularization parameter. The loss function
V(yi, f(x;)) measures the error between the predicted
value f(x;) and given output y;.
The solution f* = arg min¢c = J(f). The cost function J is
convex. Therefore there exists a unique minimiser.

Kernel methods can be divided into different types
depending upon the loss function they are using.



Representation

Using the representer theorem that the minimization problem
(8) gives the solution of the learning problem in terms of the
number of training points. That is

N
f=> ajky
i=1

N
f(x) = aik(x;, X)
i=



Representer Theorem

The Representer theorem can be stated as follows:

Theorem
Denote Q2 : [0, 00) — R] a strictly a monotonically increasing
function, by X a set, by V : (X x Rz)N an arbitrary loss

function. Then any f € RKHS F minimizing the regularized risk
functional

V(s 1, 1(xa)), - Oons s FOx)) + Q1)

admits a representation of the form

N
()= ajky.
i=1



Representer Theorem

Theorem
Any f € F that minimizes

N
J(h) = Z V(yi, f(x;)) + Al |2

is of the form

N
f=> ajky
i=1



Proof: Representer Theorem
Given f is the minimiser of the regularized risk functional. It is
unique as J is convex. Let Y = span(ky,)Y ;. As every finite
dimensional subspace of a normed space X is closed in X', Y
is a closed subspace of F. Therefore by projection theorem,

F=YaVYt
Hence
f=f+fofyeY fe€ Y+
Now
f(xi) = (f,kx)
= <f}’7ka>

Asf, e Y, f, =N, ajk. Therefore

N
f(x) = f,(x) = _ aik(x;, X)
i=1

Hence f,. has no role in determining the value of f.



Now
117 = Ify + 0] P

= (K117 +11f,21%)
1112

Y

Therefore ||f|| > ||f,||. Thus f, satisfies the given points and
also has norm less than or equal to f. Therefore , is a better
solution of J than f. Given f is the unique minimizer. Therefore,
f = f,. Therefore

N
f=> ajky
i=1



Representation of the solution
By using N points, the projection of f onto the subspace of
{kx,, Kx,, - . - Kx, } is determined using the regularized cost
function.



Significance of Representer Theorem

* The significance of the representer theorem is that the
number of terms in the minimiser of regularized risk
functional depends only on the number of training points,
that is, it is independent of the dimensionality of RKHS
space.



Inclusion of Bias

e If f € F,f(x) = (f, k«). Is that possible to model a function
that generates the data of the form f(x) = (f, ky) + b,b € R
by making use of kernel theory?. For that we make use of
semi parametric representer theorem.



Optimisation

SN V(i F(xi))

. 1
min —
feFbeR N

subject to]|f||2 < k



Semiparametric Theorem

Suppose that in addition to the assumptions of the previous
theorem we are given a set of M real valued functions {\Ilp};‘)”:1
on X with the property that the N x M matrix (W(x;));, has rank

M. Then any f := f + hwith f € F and h € span{V,}
minimizing the regularized risk functional

c((x1, 1, (%)), -, O yws Tew)) + g I£1])

admits a representation of the form

N M
)= aike+ > BoVp.
i=1 i=1

where 3p,p = 1,2... M are uniquely determined.



Semiparametric Representer Theorem

Theorem N
Consider span {V}, where V(x) = c,Vx € X. Anyf:=f+h

with f € F and h € span{V} that minimizing the regularized
risk functional

N
Z y” (xi)) +>‘|’f||2

is of the form N
T=> ajky+ B
=1

where (3 is uniquely determined.



Given f = f + his the minimiser of the regularized risk

functional. Let Y = span(ky,)Y ,. As every finite dimensional

subspace of a normed space X’ is closed in X, Y is closed.
Therefore by projection theorem,
F=YoVYt

Hence f =f, +f,. + h,fy € Y f,1 € YL,

Also
N
fy = Z aikxi
i=1

f(xi) = f(x)+ (%) + h(x;)
= (fy, k) + (fo, k) + h(X;)
= (fy, kq) + h(x;)

Hence f,. has no role in determining the value of f. Thatis
fy + h also satisfies the given points.



Now

112 = (llfy +f0 12
= (IHIZ+ 152 112) = 1112

Therefore ||f|| > ||f,||. Thus f, + h satisfies the given points and
fy has the norm less than or equal to f. Therefore f, + his a
better solution of J than 7. Given f is the minimiser. Therefore
f=f +h Hence f =N, aiky +h



As hlies in a one dimensional space spanned by ), there
exists a unique « € R such that h = ) Hence

N
F=> ajky+ By
i=1

N
f(x) = aik(x,x)+b
i=1

where b = p(x)



Frove the above two proofs, it is clear that the number of
functions in RKHS that satisfies the given data points is equal
to the cardinality of Y. That is fy+f . fe YL, satisfies the
given points. Among that f, + f,. has the smallest norm. Thus

adding ||f||? help to get a unique solution.



Kernel Methods

FX—R f

= [Hyperplane or
ﬂ-)=ﬂ.) +b not hyperplane]




Notation & Conventions for Reference

Input space: X

RKHS F

Kernel or reproducing kernel: k: X x X — R
® Reproducing property: f(x) = (f, k) forall f € F
* Symmetry: k(x,y) = k(y, x)

Feature map: ¢ : X — F with ¢(x) = kx

Kernel (Gram) matrix: K € RN*N| K = k(x;, X;)



